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CHARACTERIZATIONS OF OPERATOR-VALUED HARDY SPACES AND 
APPLICATIONS TO HARMONIC ANALYSIS ON QUANTUM TORI 

RUNLIAN XIA, XIAO XIONG, AND QUANHUA XU 


Abstract. This paper studies the operator-valued Hardy spaces introduced and studied by Tao 
Mei. Our principal result shows that the Poisson kernel in Mei’s definition of these spaces can be 
replaced by any reasonable test function. As an application, we get a general characterization of 
Hardy spaces on quantum tori. The latter characterization plays a key role in our recent study 
of Triebel-Lizorkin spaces on quantum tori. 


1. Introduction and main results 

This paper is devoted to the study of operator-valued Hardy spaces introduced by Mei [14]. 
Motivated by the development of noncommutative martingale inequalities (see, for instance, [4] 
US H H ED [TO] EEI (22) and the Littlewood-Paley-Stein theory of quantum Markov semigroups 
(cf. 000), Mei developed a remarkable theory of operator-valued Hardy spaces on R d . These 
spaces are shown to be very useful for many aspects of noncommutative harmonic analysis (cf. 
e.g. 0nni). They are defined by the Littlewood-Paley ^-function or Lusin area integral function 
associated to the Poisson kernel. However, it is a classical result in the scalar case that the 
Poisson kernel does not play any special role and can be replaced by any (reasonable) test function 
with mild conditions. This extension is not only interesting of its own right but also crucial for 
applications; for instance, it plays an important role in the part of harmonic analysis related to 
the Littlewood-Paley decomposition as well as in the applications of harmonic analysis to PDE. 

Recently, we were led to extending this classical result to the noncommutative setting in our 
study of Triebel-Lizorkin spaces on quantum tori in 0Jj (see also the announcement [21] )• This 
noncommutative extension is a key ingredient for the part of j29] on Triebel-Lizorkin spaces. To our 
best knowledge, all existing proofs of this result use maximal functions in a crucial way. Because 
of the lack of the noncommutative analogue of the pointwise maximal function, they do not extend 
to the operator-valued setting. We will investigate the problem via duality as in Mei’s work [14] . 
combined with the operator-valued Calderon-Zygmund theory. We show that the main arguments 
of [13] can be adapted to general test functions in place of the Poisson kernel. This adaptation 
sometimes is quite straightforward, sometimes requires significantly extra efforts. One of the major 
differences is the lack of harmonicity of the convolution function by a general test kernel. This 
harmonicity is useful for some arguments in [T3] : for example, it permits one to easily see the 
majoration of the Littlewood-Paley (radial) square function by the Lusin (conic) square function. 
In the general case, we have a variant of this result whose proof is, however, more elaborated. 
It should be also pointed out that both radial and conic square functions are important for the 
theory: the former is simpler and readily extends to the setting of semigroups; because of the 
non-tangential nature of the cone used, the latter controls other related functions and is required 
for the Ri-BMO duality and atomic decomposition. 

We would like to emphasize that the approach developed here seems new even in the scalar case. 
However, it presents a drawback: due to its duality nature, it does not allow us to handle Hardy 
spaces Up for p < 1, in contrast with the classical approach by maximal functions. 

The results proved and techniques developed in this paper are crucial tools in a forthcoming 
work [27] of the first named author on the localization of operator-valued Hardy spaces on and 
their applications to pseudo-differential operators. They will also play an important role in our 
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ongoing project on operator-valued Triebel-Lizorkin spaces on R d . Like in the classical case, the 
latter spaces, together with the accompanying classes of Sobolev and Besov spaces, will be central 
objects in the study of pseudo-differential operators in the noncommutative setting. In the same 
spirit, one might naturally expect that the outcome of the present investigation would be useful in 
the very fresh but promising direction of noncommutative PDEs. 

To state our main results, we require some preliminaries on the noncommutative L p spaces and 
operator-valued Hardy spaces. 


1.1. Noncommutative L p -spaces. Let A4 be a von Neumann algebra equipped with a normal 
semifinite faithful trace r; for 1 < p < oo, let L p (M) be the noncommutative L p -space associated 
to (A4,t). The norm of L p { A4) will be often denoted simply by || || p . But if different L p -spaces 
appear in a same context, wc will sometimes precise the respective L p -norms in order to avoid 
possible ambiguity. The reader is referred to [20] and [30] for more information on noncommutative 
L p -spaces. Like the classical L p -spaces, noncommutative L p -spaces behave well with respect to 
interpolation. For instance, for 1 < po < Pi < oo and 0 < p < 1, we have 

(L Po (M), L pi (A4)) ri = L p (M) with equal norms, 

where - = + — and (•, •) v denotes the complex interpolation method (see [T| for interpolation 

theory). 

We will need Hilbert space-valued noncommutative L p -spaces. Let H be a Hilbert space and 
v £ H with |M| = 1. Let p v be the orthogonal projection onto the one-dimensional subspace 
generated by v. Define 

L p (M' 1 H r ) = ( p v ® I m )L p {B{H)®M) and L p (M\H c ) = L p {B( y H)®M){p v ® 1m ), 

where the tensor product B(H)®A4 is equipped with the tensor trace while B(H) is equipped with 
the usual trace. These are the row and column noncommutative L p -spaces. For / £ L p {M\ H c ), 

\\f\\L p (M;H c ) = ll(/*/) T ll L P (M)- 

We have a similar formula for the row space by passing to adjoints: / £ L p {M\H r ) iff /* £ 
L p {M:H c ); and \\f\\ Lp (M-,H r ) = ll/*IU P (X;^)- is clear that L p (M\H c ) and L p (M; H r ) are 
1-complemented subspaces of L p (B(H)®A4) for any p. Thus they also form an interpolation scale 
with respect to the complex interpolation method: For 1 < po,Pi < oo and 0 < rj < 1, we have 

(L po (M; H c ), L P1 {M.\ i? c )) = L p (M\H c ) with equal norms, 
where - = —— 2 -(- -2-. The same formula holds for row spaces too. 

p Po Pl v 


1.2. Operator-valued Hardy spaces. Throughout the remainder of the paper, unless explicitly 
stated otherwise, (A 4,t) will be fixed as before and J\f = L 00 (R d )'^A4, equipped with the tensor 
trace. In this subsection, we introduce Mei’s operator-valued Hardy spaces. Contrary to the 
custom, we will use letters s, t to denote variables of R d since letters x, y are reserved to operators 
in noncommutative L p -spaces. Accordingly, a generic element of the upper half-space R 1 ^ 1 will be 
denoted by (s,e) with e > 0: R(J. +1 = {(s,e) : s £ R rf , e > 0}. 

Let P be the Poisson kernel of R d : 


POO = c d 


1 

(M 2 + i)^ 


with Cd the usual normalizing constant and |s| the Euclidean norm of s. Let 


(l»P+£ s W ' 


For any function / on R d with values in L\{M.) + L oa (A4), its Poisson integral, whenever exists, 
will be denoted by P e (/): 


P £ (/)(s) = [ P e (s - (s, e) £ R+ +1 . 

JR d 
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Note that the Poisson integral of / exists if 

/ £ LdM-.LK K-, + W-M; Lm d , 

This space is the right space in which all functions considered in this paper live as far as only column 
spaces are concerned. As it will appear frequently later, to simplify notation we will denote the 
Hilbert space L 2 T+jTp+r) by R^: 

(1-1) ^ = ^(R J . 1+ ^ rl ). 

The Lusin area square function of / is defined by 

(1-2) S c U){s) = ( jfj §-Pe(f)(s + t )| 2 “) *, S G 

where T is the cone {( t,e ) G R^ +1 : |f| < e}. For 1 < p < oo define the column Hardy space 
%p(R d , Ad) to be 

n c p (R d ,M) = {/ : ll/llwj = \\S c (f)\\L P W < oo}. 

Note that m uses the gradient of P E (/) instead of the sole radial derivative in the definition of 
S c above, but this does not affect %£(R , Ad) (up to equivalent norms). On the other hand, it is 
proved in HU that r Hp(M. d , Ad) can be equally defined by the Littlewood-Paley ^-function: 

a °° f) \ ~ 

e\-P E (f)( s )\ 2 dey, s & R d . 

Thus 

11/11*5 « ||s c (/)IU„CA 0 > / &n c p (R d ,M). 

The row Hardy space 'H r p (W i ,M) is the space of all / such that /* G "Hp(R d , Ad), equipped with 
the norm ||/||^r = ||/*||^c . Finally, we define the mixture space "H p (IR d ,Ad) as 

H p (R d ,M) =n C p(R d 1 M)+'H r p {R d 1 M) for l<p<2 
equipped with the sum norm 

II f\\u P = mf {\\Mhc + ||/2|k ; :/ = /i + / 2 }, 

and 

n p (R d ,M) =n C p(R d 1 M)nn r p (R d ,M) for 2 < p < oo 
equipped with the intersection norm 


\ Hv = max 




II*: 


;)• 


Observe that 

H 2 {R d , Ad) = H 2 (M. d ,M) = L 2 (U) with equivalent norms. 

It is proved in m that for 1 < p < oo 

'H p (R d , Ad) = L p (Af) with equivalent norms. 

The operator-valued BMO spaces are also studied in M- Let Q be a cube in R d (with sides 
parallel to the axes) and \Q\ its volume. For a function / with values in A!, /q denotes its mean 
over Q: 

}Q = Wii mdi ■ 

The column BMO norm of / is defined to be 


(1.4) 


|bmo c = sup 


io,/ i/m-/,!<* 


M 


Then 

BMO c (R d ,A4) ={/:/€ £«,(.M ;RS), ||/||bmo- < oo}. 

Similarly, we define the row space BMO r (R d , Ad) as the space of / such that /* G BMO c (R d , Ad), 
and BMO(R d , Ad) = BMO c (M d , Ad) 0 BMO r (R d , Ad) with the intersection norm. 
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Remark 1.1. It is easy to see that in the above definition of BMO c , cubes Q can be replaced by 
balls B without changing BMO c (up to equivalent norms). In the sequel, we will use cubes or balls 
according to problems in consideration. 

One of the main results of 53 asserts that the dual of R d ,AI) can be naturally identified 
with BMO c (R d , Al). This is the operator-valued analogue of the celebrated Fefferman K/i-BMO 
duality theorem. The following interpolation result is also taken from 53 ■ 

Lemma 1.2. Let 1 < p < oo. Then 

(BMO c (R d , M), = TLp(M. d ,M) with equivalent norms. 

p 

Similar statements hold for the row and mixture spaces too. 

1.3. Main results. We now announce the main results of the paper. They assert that the Poisson 
kernel in the definition of Hardy spaces introduced in the previous subsection can be replaced by 
more general test functions. Most of the time, our test functions belong to the Schwartz class S of 
R d . Given a function on R d , we set <I> e (s) = £ -d $(|) for e > 0. Now let $ £ S be of vanishing 
mean. We will assume that $ is nondegenerate in the following sense: 

(1.5) V(eR d \{0}3e>0 such that <h(e£) ^ 0. 

Then there exists HI £ S of vanishing mean such that 

(1.6) / *(<*)*(<*)- = 1> V?eR d \{0}. 

Jo £ 

This is a well-known elementary fact (cf. e.g., j23j p. 186]). Indeed, choose a nonnegative infinitely 
differentiable function p, compactly supported and vanishing near the origin, such that |'I >| 2 ?7 does 
not vanish identically on any ray emanating from the origin. Let 

r°° ^ dp 

K0= Me<Z)\ 2 r,(eO-. 

Jo £ 

Then the function T determined by 

to = 

™ m 

does the job. 

Let / be a function in Li(Ad; R]]) + L oc (M; R]j) (recalling that the Hilbert space Rd is defined 
by GU). Then the convolution <f> e * / is well-defined and takes values in L i(Ad) + Loo (At). The 
radial and conic square functions of / associated to $ are defined as s c (/) in (11.311 and S c (f) in 
m with $ in place of the radial partial derivative of the Poisson kernel P: 

4(/)M = (£Vs*/MI 2 f)\ 

‘S$(/)( s ) = ^ * /( s + 1)\ 2 £ d+i) ’ s e R d . 

Unless explicitly stated otherwise, / will be always assumed to belong to L\{M] R]]) +L ao (M; R]]) 
in the sequel, whenever <I> e * / is considered; sometimes, we need to impose more regularity to / 
in order to legitimate the relevant calculations. 

Throughout the paper, we will frequently use the notation A < B, which is an inequality up 
to a constant: A < cB for some constant c > 0. The relevant constants in all such inequalities 
may depend on the dimension d , the test function $ or p, etc. but never on the functions / in 
consideration. An equivalence Am B will mean A < B and B < A. 

The following is one of the main results of this paper. 

Theorem 1.3. Let 1 < p < oo and f £ Li{M' 1 B c d ) + L 00 (M;R d ). Then f £ TLp( R d ,Al) iff 
s|(/) £ L p (Af) iff S$(f) £ L p (Af). If this is the case, then 

II4(/)IImao * Il4(/)lkw) » ll/ll« ? 

with relevant constants depending only onp,d and $. 
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The above square functions s| and Sjj, can be discretized as follows: 

OO l 

= ( E * /(s)| 2 ) 2 , 

j = — oo 

OO r. JL. 

s c * D (f)(s) = ( E 2 ~ dJ / \^*m\ 2 dt)\ 

\=-oo J B(a, 2i) 7 

Here B(s, r ) denotes the ball of R d with center s and radius r. To prove that these discrete square 
functions also describe our Hardy spaces, we need to impose the following condition to the previous 
Schwartz function $ of vanishing mean, which is stronger than 

(1.7) \ {0} 30<2a<6<oo such that $(e£) ^ 0, V e £ (a, b\. 

Then adapting the proof of 1 251 Lemma V. 6 ] , we can find another Schwartz function d* such that 

OO _ 

(1-8) E $(2 J '0 §(2J'f) = 1, e R d \ {0}. 

j= — oo 

The following discrete version of Theorem 11.31 plays a crucial role in the study [29] of Triebel- 
Lizorkin spaces on quantum tori. 

Theorem 1.4. Let 1 < p < oo and f £ Li(_A4;R[]) + Too(A4;R]]). Then f £ "Hp(R d , A4) iff 
■4’ D (/) e -MAO iff S^ D (f) £ L p (U). Moreover, 

l|s* D (/)IU P (JV) ~ ll 5 '$ D (/)IU J ,(V) ~ WfWui 

with relevant constants depending only onp,d and $. 


The requirement that <f> £ S can be considerably relaxed in the preceding two theorems. Here, 
we consider only one example: $ = J a (P) with a > 0, where /“ is the Riesz potential of order 
a. Recall that /“ = (—(27r) _2 A)^ is a Fourier multiplier on with symbol I a defined by 
7 q (£) = |£| a . Thus I a { P)(£) = |£| a P(£) = \£,\ a e~ 2 ^. Then the preceding two theorems continue 
to hold for this choice of $. We only state the following radial version which is used in the proof 
of the Poisson semigroup characterization of noncommutative Triebel-Lizorkin spaces in |29] . 


Theorem 1.5. Let 4> = J“(P) with a > 0. Then for any 1 < p < oo, we have 

1 2 de \ i 


(1.9) 


I HS, 


* / 


£ ) 


L p (Af) 


with relevant constants depending only on p,d and a. Consequently, for any integer k> 1 

2 de\\ 


( 1 . 10 ) 


I m 


^ •(/) 




L P (AT) 


Remark 1.6. Note that letting k = 1 in (11.101) . we return back to the original definition of 
Hardy spaces in Mei [2]. We also would like to point out that the above theorem seems new 
even in the scaler case; compare it with the characterization of Triebel-Lizorkin spaces F^ q (M. d ) 
(F^ 2 (R d ) = n p (R d )) in |26l Theorem 2.6.4]. 


Remark 1.7. As mentioned before, the preceding three theorems play an important role in the 
proof of the general characterization of noncommutative Triebel-Lizorkin spaces in [2 9) . Conversely, 
the latter can be used to characterize 77(;(IR rf , A4.) by test functions much more general than $ in 
the preceding theorems. This will be pursued elsewhere. 


The paper is organized as follows. The next section contains some elementary results on 
Calderon-Zygmund operators in the noncommutative setting. In section [3] we establish the link 
between Carleson measures and BMO spaces. Sections 0] [5] and [ 6 ] are devoted, respectively, to 
the proofs of Theorems 11.3111.41 and 11.51 Sections [7] and [5] present applications to the usual and 
quantum tori. 
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2. Calderon-Zygmund operators and square functions 


Let K be an Li{M) + Loo(.Ad)-valued distribution on R d . We will assume that K coincides on 
R d \ {0} with a locally integrable L i(A^) + Loo(-Ad)-valued function. Then the convolution K * f is 
defined for sufficiently nice function / with values in L\{M) D L 00 (M). This is the (left) singular 
integral operator K c associated to K : 

K c (f)(s) = K * f(s) = [ K(s-t)f(t)dt, seR d . 

J R d 

For instance, K c (f) is well defined for any / e 5® D Loo(-M)) (recalling that S is the 

Schwartz class on R rf ). Note that K c is right .Ad-modular. 

Similarly, we define the right singular integral operator K r : 


K r (f)(s) = f*K(s)= [ f(t)K(s — t)dt. 

JR d 


We will frequently use the following Cauchy-Schwarz type inequality for the operator square 
function. Let (f2,/n) be a measure space. Then 


( 2 . 1 ) 


4>fdn 


< 


\0\ 2 dp [ \f\ 2 dn, 


Jn Jfi J n 

where <fi : tt —> C and / : —> Li(M) -(- L^M) are functions such that all members of the above 
inequality make sense. We will also require the operator-valued version of the Plancherel formula. 
For sufficiently nice functions /, g : R d — > Li(A4)+L oc (A4), for instance, for f,g£ L 2 (R d )®.L 2 (-Ad), 
we have 


(2.2) / g*(s)f(s)ds= / (<t'(£))*/(£) c ^ as measurable operators. 

J Rrf J R d 

The following result must be known to experts. It is closely related to similar results of mini 
nans. We include a proof by standard arguments for completeness. Let BMOo(R d , M) denote 
the subspace of BMO c (R d , M) consisting of compactly supported functions. 


Lemma 2.1. Assume that 

a) the Fourier transform of K is bounded: sup ||A'(£)||jvf < oo; 

£eR d 

b) K has the Lipschitz regularity: there exists a positive constant C such that 

\\K(s-t)-K(s)\\ M < V|s| > 2\t\. 

Then K c is bounded on 'Hp(M d , A4) for 1 < p < oo and from BMOo(R d , M) to BMO c (R d , AA). 
A similar statement also holds for K r and the corresponding row spaces. 


Proof. First suppose that K c maps constant functions to zero. This amounts to requiring that 
A" c (l R d) = 0. Let / £ BMOg(R d ,Al) and Q be a cube with center c. Let Q = 2Q be the cube 
with center c and twice the side length of Q. Decompose / as / = /i + /2 + /q with f\ = (/ — /q)1q- 
Then K c {f) = K c {h) + I< c (f 2 ). Letting 

a = [ ^(c^K/W-Zq)^ 

jR d \Q W 


we have 


Thus by (12.11) . 


where 


K c (f)(s ) - a = if c (/i)(s) + [ ( K(s - t) - K(c-t))f 2 (t)dt. 

J R d 

±j^\K c (f)(s)-a\ 2 ds<2(A + B) : 

A =mh K 'm*)? d >, 


B = 


\Q\ 


(■ K(s -t)- K(c-t))f 2 (t)dt 


ds. 
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The first term A is easy to estimate. Indeed, by Cl3, 

\Q\A< f \K c {h){s)\ 2 ds = [ \K(0fi(0\ 2 dt; 

JR d JR d 


< 


[ [ \\Km 2 M \M)\ 2 d^ 

JR d JR d 

f \fi(s)\ 2 ds = [ \f(s)~fQ\ 2 ds<\Q\ 

JvL d Jo 


IbMO c 1 


SO \\A\\ M < ||/HbmO=- 

To estimate B , using ED and the Lipschitz regularity (l denoting the side length of Q), for 
any s £ Q, we have 

^ (K(s -t) - K(c-t))f 2 {t)dt 


[ J\K(s-t)~ K(c-t))\\ M dt 
Jm d \Q 

[ _ || K{s - t) - K(c - t))||xJ | (K(s - i) - K(c - t))f 2 {t)\ 2 dt 

J«. d \Q 

f - 

>R d \Q 


< 


<1 


[ Jl K(s-t) - K(c-t))\\ M \ f 2 (t)\ 2 dt 

JR d \Q 

\h(t)\ 2 d 

I f(t) ~ fg\ 2 dt 


1 

jEE^+i 

i 


<y 2 - fe -, 

| 2 fe+ 1 Q| 7 2 fc+iQ\2fcQ 


< 


W) ~ W*+ - * 


k>0 \2 k+1 Q\ J2<°+'Q 

sE 2_ ‘ 

k> 0 

However, by ED once more, 


BMO c + 2 fc |/ 2 fe+iQ /q| 2 

fc> 0 


I f2 k + 1 Q ~ /q| — (^ + 1) | f2i+ 1 Q ~ f2i Q 

j =0 

k 


< 


< 


k + 1 


2 - Si^eii-« |/(<) " /2 ' +ls|2<i< 


i=o 


(fc + l ) 2 

2 d 


Ibmo c - 


Combining the previous inequalities, we then deduce ||.B \\m ~ II/IIbmo c - Therefore, K c is bounded 
on BMO c (R d ,7W). 

Now it is easy to get rid of the additional requirement that K c (t K d) = 0. Indeed, combining 
the preceding argument and the proof of 0 Proposition II.5.15], we can show that K c (t M d) can 
be naturally defined as a function in BMO c (R d , .Ad). Then for / and Q as above, we have K c (f) = 
K c {fi) + K c (f 2 ) + K c (t R d)fg : so 

||^ C (/)||bMO c < ||-f^ C (/l)||BMO c + ||^ C (/2 )||bMO c + ||^r C (l R d)||BMO c ll/gllx 


< 


|BMO c 


ll/ ( 


Q 


I M 


< 


|BMO c 


Thus we have proved the BMO c -boundedness of K c in the general case. 

By duality, the boundedness of K c on "Hf(R d , M) is equivalent to that of its adjoint map (K c )' 
on BMOQ(R d , M). However, it is easy to see that ( K c )' is also a singular integral operator: 


(■ K C Y(9 ) = / K(s - t)g(t)dt , 
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where K(s ) = K(—s)*. Clearly, K satisfies the same assumption as K, thus ( K c )' is bounded on 
BMOg(R d ,Af), so is K c on Hf(R d ,Af). 

It remains to interpolate the previous two cases by means of Lemma 11.21 We need, however, 
to note that Lemma ll.2l still holds with BMOQ(R d , Af) in place of BMO c (R d , Ad). Thus K c is 
bounded on "Hp(R d , M) for any 1 < p < oo, so the assertion is proved. □ 

A special case of Lemma [27TI concerns Hilbert-valued kernels. Let H be a Hilbert space, and let 
k : R d —> H be a H -valued kernel. We view the vectors of H as column matrices in B(H) in a 
fixed orthonormal basis. Put K(s ) = k(s) ® 1 m G B(H)<g>A4. We consider the restriction of the 
associated singular integral operator K c to L 2 (Af), still denoted by the same symbol: 

K c (f)(s)=K*f(s) = [ K(s — t)f(t)dt 

JR d 

for nice functions / : R d —> L\{M.) + Loo (Ad)- So K c maps functions with values in Li(Ad) + 
Too(Al) to those with values in the column subspace of Li(B(H)!§M) + L ao {B{H)®M.). Conse¬ 
quently, 

ll^ C (/)ll= \\K C (f)\\L P WH*) ■ 

Since k(s) ® 1 m commutes with Ad, K c (f) = K r (f) for / £ L 2 (Af). Let us denote this common 
operator by k c . Here the superscript c refers to the previous convention that the vectors of H are 
identified with column matrices in B(H). Thus Lemma 12.II implies the following 

Corollary 2 . 2 . Assume that 

a) sup ||k(OI|ij < oo; 

£eR d 

b) ||k(8-t)-k(a)|| g < |s J ^ |d+1 , V|s| > 2|i| > 0. 

Then the operator k c is bounded 

i) from BMOg(R d , M.) to BMO c (R d , B(H)^M), and from'Hp(R d , M) to'Hp(W 1 1 B( y H](§M) for 

1 < p < oo; 

ii) from BMOo(R d , M.) to BMO’^'(R d , B(H)®AA), and from TL r p (W i , M.) to'H’ p (R d ,B(H)®A4) for 

2 < p < oo; 

iii) from L p {N) to L p (Af ; H c ) for 2 < p < oo. 

Proof. Part i) follows immediately from Lemma 12.11 Since K c {f) = K r (f) on the subspace 
L p (J\f) C L p (B(H)®J\f), the same lemma implies the BMO’ part of ii). Interpolating this with 
the obvious "H^-boundedness of k c via Lemma 11.21 we deduce that k c is bounded from TL p (R d , M) 
to TL p (M. d , B(H)®A4) for 2 < p < oo. Combining i) and ii), we see that k c is bounded from 
'H p { R d , M) to 'H p { R d , B(H)®M) for 2 < p < oo. Using the equality H p = L p for 2 < p < oo, we 
get iii). □ 


The column subspace of BMO c (R d ,B(H)®M) (resp. TL p (R d , B(H)®M.)) will be denoted by 
BMO c (R d , H C !§M) (resp. 'H p (M. d , H C !§M)). BMO c (R d , H C !§M ) and "Hp(R d , H c i§M) are clearly 
complemented in BMO c (R d , B(H)®M.) and 'H p (R d , B(H)^Ai), respectively. Similarly, we intro¬ 
duce the corresponding subspaces BMO r ’(R d , H C ®M) and 'H l p (M d , H c ®Ai). 

Considered as an operator with values in these subspaces, k c admits as adjoint the following 
operator: 

(k c Y(F)(s)= [ (k(s)0l M )F(t)dt, 

JWL d 

where k(s) = k(— s)* (so it is a row matrix). The preceding corollary can be reformulated as 

Corollary 2.3. Under the same assumption, the operator (k c )' is bounded 

i) from BMO^R^, H C ®M) to BMO c (R d , A4), and from 'H p (M d , H C (&AA) to "Hp(R d , A4) for 1 < 
p < oo; 

ii) from TL p ( R d , H C ®M) to TLp{ R d , M) for 1 < p < 2; 

iii) from L p (J\f; H c ) to L p (J\f) for 1 < p < 2. 
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Remark 2.4. Since Ai) C L p {N) for 1 < p < 2, Lemma \'2 . 1 1 implies 

II^ c (/)IIl p( aO < 11/11*5 , V/ G H c p (R d ,M). 

In the same way, Corollary 12.21 yields 

l|k c (/)IU P (W) < 11/11*5 , V/ G H p (M. d ,Ai). 

We now apply the above theory to the square function operators 4 and S$. It is well known 
that these operators can be expressed as Calderon-Zygmund operators with Hilbert-valued kernels. 
Let us explain this for s|. Let H = L 2 (( 0 , oo), *) and define the kernel k : R d —> H by k(s) = 4>. (s) 
(4>.(s) being the function e 4> £ (s)). Then one easily checks that 

sup ||k(OII* < oo and ||Vk(s)|| H < , Vs G K d \ {0}. 

£GR d l s l 

Thus k satisfies the assumption of Corollarv l2.2l It is clear that 

4 (/)(s) = ||k c (/)(s)|| ff . 

The treatment of Sjj, is similar; this time, the Hilbert space H is L 2 (T, Moreover, using the 

Plancherel formula and m one easily sees that 

II4(/)IImao « II/IU 2 W) « II4(/)IIl 2 ( v) , v/ g L 2 (Af), 

where the equivalence constants depend only on <f>. Thus by Remark 12.41 we get 
Lemma 2.5. Let 1 < p < 2. Then 

max (|| 4(/)IU P W), II4(/)IU P (V}) ^ 11/11*5 . Vf € H c p (R d ,M). 

Note that in the scalar case (i.e., Ai = C), Corollarv l 2. 21 implies that the above lemma holds for 
2 < p < 00 too. Then one easily deduces the reverse inequality by duality for 1 < p < 00. Indeed, 
for / G TLp{ R d ) (with Ai = C) choose g G H q (M. d ) such that 

[ f(s)g{s)ds « \\f\\ Hp and \\g\\ Hq < 1 , 

J R d 

where q is the conjugate index of p. Then by m and the Holder inequality 

/ f(s)g{s)ds= f 4> e * f{s) * g{s)ds — 

J«. d JR d+1 £ 

< IM/)II P IM<?)II 9 < IM/)II P \\g\\n 9 < IM/)|| P • 

This simple argument does not, unfortunately, apply to the case p = 1 which is much subtler. 
However, in the operator-valued setting, the case 1 < p < 2 seems hard too. 


3. Carleson measures 

A duality argument on Hi involves unavoidably BMO. Thus we need a square function charac¬ 
terization of BMO by general test functions. This is done by means of Carleson measures. In this 
section, <f> is a Schwartz function of vanishing mean and satisfies (ESI). 

Lemma 3.1. Let f G BMO c (K d , Af) and 


dp(f) = l$e*/(s)| : 


, dsde 


Then dp is an Ai-valued Carleson measure on R4 1 in the sense that 


IM 4 /))llc = f sup 7^7/ |<M/W| 

B \D\ Jt(B) 


, dsde 


M 


< 00 , 


where the supremum runs over all balls B C R , and where T(B) = B x (0, r] with r the radius of 
B. Moreover, 

l|dM(/)l|c < ||/||!mo- 
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Proof. Given a ball B, we decompose / = /i + fi + fz, where f± = (/ — / 2 s)l 2 B and /2 = 
(/ — / 2 _b) 1 k\ 2 B- Since $ is of vanishing mean, we have 4> e * / = 4> e * /i + 4> e * fi- Let d/r = d^(/), 
dn i = d/r(/i) and d[i i = dfj,(f 2 ). Then by (12.11) . 


d/j, < 2(dfii + d[x 2 ). 

We first deal with d[i 1 . By (12.21) , we have 
/ s$(/i)(s) 2 ds < 


r f r r , ,2 dsds 

/ / l^*/i(s)| 2 —- 

/o £ 


& 


/ / i$(eori/i(orde P 

/O dRd £ 


</ l/i(a)| 2 da< / |/-/ 2 B| 2 d S <|i?|- 

JR d J2B 


Ibmo° 


However, 


dsde 


/ |<f> e * /r ( s )| 2 — 

’T(B) e 


< 


[ [ \$e * fl(s)\ 2 — ds = f s%(fi)(s) 2 ds. 

JbJ 0 e Jb 


It then follows that ||d/xi|| c < ||/|||mo c • 

On the other hand, let s 0 be the center of B and r its radius. Then for (s,e) £ T(B ), by (12.11) 


l<iv*/ 2 (s)| 2 < / 


e|/(0 - / 2 a ! 2 

R d \2B (e + 1 1 — s 0 |) d+1 


dt < e 


JR d \2B 


|t- So| d+1 


dt. 


The last integral can be estimated by standard arguments as follows (see also the proof of Lemma lTTI) : 


/R d \ 2 B 


1/(0 - / 2 B | 2 rU _ 

|d+l aZ 


/-sol 


k>1 J2 k + 1 B\2 k B /“So 


d +1 


dt 


k> 1 


—k 


1 


2 k + 1 B\ 


[ l/( 0 -/ 2 B | 2 di< 

J2 k + 1 B 


Ibmo° 


Thus 

14 / l^*/ 2 (s)| 2 ^ < II/IIImo- 

I-d| JT(B) e 

Namely, ||d/i 2 lie < II/IIbmo c - 


□ 


The above argument is modeled on the classical pattern; see, for instance, the proof of [231 
Theorem IV.4.3]. In fact, our operator-valued case can be easily deduced from the classical one. 
By definition, we see that 


MM/)llc 


sup 

vGH, ||u||ff=l 




2 ds de 
H ~Z ’ 


where H is the Hilbert space on which A4 acts and f v (s) = f(s)v. On the other hand, we also 
have 

||/||bMO c = sup ||/u||BMO(R d ;B) > 

ve h, ||j)|| ff =i 

where BMO(K d ; H) is the Id-valued BMO-space on M d . It is well known and easy to check that [23i 
Theorem IV.4.3] holds equally for the Hilbert-valued case. We then deduce the previous lemma, 
plus its reciprocal. Let us record this explicitly as follows (recalling that R^ is the Hilbert space 
defined by (11.ID ): 


Theorem 3.2. Let f £ L ao (A4; R(j). Then f £ BMO c (R d ,A4) iff d/jf f) is an M.-valued Carleson 
measure on R+ 1 . Moreover, if this is the case, then ||d/r(/)||c « ||/|Ibmo°- 


Wc will also need the dual description of TLp for 1 < p < 2 as a BMO type space. This is the 
so-called BMO°-space studied in 0 . which is the function analogue of the martingale BMO^ of 
mi- Let 2 < q < 00 . Define BMO^(K d , A4) to be the space of all / £ L q ( A4; R(j) such that 


I BMO); = 


sup+ Tri / I/W-ZbI dt 

s 6 BCR d ' n ' 


Li (AT) 


< OO. 
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Note that the norm ||sup^ai||i is just an intuitive notation since the pointwise supremum does not 
make any sense in the noncommutative setting. This is the norm of the Banach space Li (J\f; £oo); 
we refer to namm for more information. Here we need only the following fact (which can be 
taken as definition): / £ BMOj)(R. d , Ai) iff 


(3.1) 3a £ fi( Af) s.t. -j-^-7 f | f(t) — /s| 2 dt < a(s) for all s £ B and for all balls B C 

\ B \ Jb 


if this is the case, then 

II/IIbmos = inf {IM|l,(aO = a as above}. 
g 2 

With this in mind, one immediately sees that Lemma 13.11 transfers to the present setting with 
almost the same proof. Thus we have the following result whose proof is left to the reader. 

Lemma 3.3. Let f £ BMO^(R d , M) and a satisfy (|3.1I) . Then dyi(f) is a q-Carleson measure in 
the following sense: 

—- f |4> e * f{t)\ 2 —— < a for all s £ B and for all balls B C 
\ B \ Jt(b) £ 

Like in the BMO case, the converse inequality holds too. We state this as the following theorem 
and postpone its proof to the next section. 

Theorem 3.4. Let 2 < q < oo and f £ L q (A4; Rj)). Then f £ BMOj)(R d , A4) iff d/r(f) is a 
q-Carleson measure: 


sup+ TrT / 

s&BC R d \ n \ JT(B) 


, dtde 


< oo. 


4. Proof of Theorem 11.31 

This section is mainly devoted to the proof of Theorem 11.31 which is the crucial part of the 
whole paper. We will prove Theorem 13.41 too. Recall that $ is of vanishing mean and satisfies the 
condition (11.511 . and that the pair ($, 4') is fixed as in (11.61) . 

The proof of Theorem 11.31 is long and technical. We will divide its main steps into several 
lemmas. 


Lemma 4.1. Let 1 < p < 2 and q be its conjugate index. Then for f £ "Hp(R d , M.) D -^(W) and 
g £ BMO^(R d , M) 


T / f(s)g*{s)ds 
Js. d 


< 


ll' s 'S»(/) IIpII^IIbmos 


Proof. Let / £ Hp(R d ,A4) with compact support (relative to the variable of R d ). We assume that 
/ is sufficiently nice so that all calculations below are legitimate. Given s £ R d and r > 0, let 
B(s,r) denote the ball with center s and radius r. We require two auxiliary square functions: 


(4.1) 


S|(/)(a,e) 



1 

2 


for s £ M. d and e > 0. Both S$(f)(s,e) and S , ^,(/)(s,e) are decreasing in e, S'|(/)(s, 0) = S , |(/)(s) 
and S , |(/)(s,+ oo) = 0. On the other hand, it is clear that S'^,(/)(s,e) 2 < S’|(/)(s, s) 2 . For 
notational simplicity, we will denote S'|,(/)(s,e) and S' $ (/)(s,£) simply by S(s,e) and S(s,e), 
respectively. By approximation, we can assume that S(s,e) and S(s,e) are invertible for every 
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(s,e) £ R d + +1 . By (11.61) . (12.21) and the Fubini theorem, we have 


'[ f(s)g*(s)ds = T [ $ e * f(s)- ('& e *g(s))' 

Jwt d J R1+ 1 


dsde 


2 d f f , dtde , 

Cd Jm d + 1 Jb(s, f) £ + 


2 a 


dtde 


$ £ * f(t)S(s,e) * -S(s,e) * (tf e * g(t))* j^ds, 


Cd J JB(«, §) 

where is the volume of the unit ball of K rf . Then by the Cauchy-Schwarz inequality, 


4 d 


T / f(s)g*{s)ds 


lR d 


<t f j S(s,e) p 2 ( f |$ e * f(t)\ 2 -^Ydeds 

jR d Jo Wfl(s, j) £ 7 

■t f f S(s,e) 2 ~ p ( [ \^ e *g{t)\ 2 -^Ydeds 

Jm. d Jo ' Jb(sA) e + J 


d = A • B. 


To estimate the term A, using S(s,e) 2 < S(s,e ) 2 and 1 < p < 2, we get 


S(s,e)^ < 


Therefore, 

A<r/ f S(s,e) p ~ 2 ( f \^> e * f(t)\ 2 -^-Ydeds 
J R d do ' Jb(s,%) e + / 

= —r / f S(s, e) p ~ 2 -^-S(s, e) 2 deds 
Js. d Jo 

= —2r f I S(s,e) p ~ 1 -^-S(s,e)deds. 

JwL d Jo v £ 

Since 1 < p < 2 and S(s,e) is decreasing in e, S(s,e) p ~ 1 < S(s, 0) p_1 . On the other hand, 
— J^S( s ,e) > 0. Thus 


A < —2r f S(s, Of" 1 [ ^-S{s,e)deds = 2r [ S(s,0) p ds <2\\S^{f)\\ p 
jR d Jo 0 £ jR d 

The estimate of B is harder. For j £ Z we use the partition of into dyadic cubes with side 
length 2 J . Each such cube is of the form Q m j = ((to i — 1)2 J ', mi2 J ] x • • • x ((rrid — 1) , 771^2•?'] 
with to = (mi, • • • , md) £ Z d . Let c mj - be its center. Define 


(4.2) 

Since B(s , r 


§(«>.?) = ( f I \®r* f(t)\ 2 if s £ Qm,j 

x JVd2i JB{c m ,j,r) r ' 

§) C B(c m j,r) whenever s £ Q m j and r > e > \fd2\ we have 


S(s,e) 2 < S(s,j ) 2 for s £ Q m ,j and e > yfd2K 


Consequently, 

S(s,e) 2 ~ p <§(s,j) 2 ~ p for s £ Q mtj and e>Vd2 j . 











Operator-valued Hardy spaces 


13 


Therefore, 


r rVd 2 j+1 r 

B = r EE/ r 

, jQm.j JVdW y JE 




\^e *g(t)\* 


dt 


deds 


m j 


< t EE/ [ Hs,j) 2p ([ \'f e *g(t)\ 2 d^jdeds 

™ ; JQ m ,j JVd2J ^JB(sA) £ + ' 


B(s, f) 


/R d 


Vd2 j+1 r 

E^i) 2 - p /_ (L j***m i 2 ^tt) 


,EE rf (^) 

' • 7 v • i 

J 


!\fd2i 
j-Vd 2 j+1 

\fd 2 J 


B( s ,f) 


B(s 


deds 


\^e*g(t )\‘ 2 


dt 

c-d -\-1 


deds, 


where d(s,k) = §(s,fc ) 2 p — S(s, k + l ) 2 p . Since §(s,fc) is decreasing in k and 0 < 2 — p < 1, 
d(s, k) > 0. On the other hand, d(-, k) is constant on for all m £ Z d . Then we get 

r Vd 2^ +1 


B < T / ^ d(s, /c) ^ 


/R d 


j<k ' 


</d2i 

■Vd2 k + 1 


B(s, f) 




dt 

rd+l 


deds 


<EE d ( s ’ fe ) / / (/ i^sW^-^iWs. 

>. dQ m!fc do y JB(sA) £ 1 


m k 


B{s, |) 


Since £ BMO^(R d , Ad), Lemma EOl ensures the existence of a positive operator a € La (TV) such 
that ||a||s < ||ff||| M o= and 


1 

Ib[ 


/T(B) 


l^e *dW| : 


dtde 


< a(s) for all s £ id and for all balls B. 


Let B m ^ be the ball with center c m ^k and radius \fd 2 k+1 . Thus by the Fubini theorem, 
, r Vd2 k+1 


lQm,k dO 


B(s, f) 


\^e *g{t)\ 


2 dt 


rd+1 


'jdeds < f 
' Jt 


2 dtde 


\^e*g(t)\ 

T(B m<k ) e 


< 


iQr, 


a(s)ds. 


Therefore, by the Holder inequality, 


B - r E E d ( s ’ fc ) / a ^ ds = r E E 

J Qm,k 


m k 


m k 


Qm,k 


d(s, k)a(s)ds 


— r f ^^d(s,k)a(s)ds = r f §(s, — oo ) 2 p a(s)ds 

Js. d Z d». d 


= r / SUf)(s) 2 ~ p a(s)ds < ||5|(/)|| 2 ^ ||a|| f 

JR d 

<ll^(/)llp- p lldll| M o=- 

Combining the estimates of A and B, we finally get the desired inequality of the lemma. □ 

We will need a variant of the previous lemma. For any function / defined on R 1 ^ 1 with values 
in Li(Ad) + Loo (Ad), define (recalling that T = {(f, e) £ 

, dtde \ i 


+ +1 ■■ \t\ < ei) 


(4.3) 


S C (/)( S )=( / |/(t + s, £ )| 2 ^) 5 , s £ 


Lemma 4.2. Let 1 < p < 2 and q be its conjugate index. Then for any compactly supported 
function f on R(J _ +1 with values in Li(Ad) D L ao (A4) and g £ BMO^(R d , Ad) 

dsde 


jd+i 


/(s,e) ■ (V e *g(s)) 


^ l|S c (/)|| P IIsIIbmos ■ 


Proof. This proof is exactly the same as that of the previous lemma, just by replacing the function 
(s, e) K > <F e * /(s) in that proof by / in the present lemma. □ 
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We will also need the radial version of Lemma ixn To this end, we have to control the radial 
square function by the conic one. For the classical Littlcwood-Paley (^-function and Lusin area 
integral, this fact follows simply from the harmonicity of the Poisson integral. Since the harmonicity 
is no longer available, the proof of our inequality is more elaborated. Compared with [14] . this 
is a new phenomenon which seems new even going back to the commutative case. We will use 
multi-index notation. For to = (mi, • • • , ma) £ Ng (No being the set of nonnegative integers) and 
s = (si, • • • , Sd) £ we set s m = s ™ 1 • • • s™ d . Let |m|i =mH + m^ and 

Qrn 1 Qm d 


D m = 


3s ™ 1 ds ™ d ' 


Vs £ 


Lemma 4.3. Let / £ L±(M. ; R(j) + L 00 (A / 1; R(j). Then 

4(/)00 2 < E S n-M)(s) 2 , 

|m|i<d 

Proof. Without loss of generality, we assume that / is selfadjoint and $ is real-valued. Fix a point 
so, say so = 0. For any t £ T, successive applications of integration by parts yield (with d r = 

|*e * f(t) | 2 - |<b £ * /( 0)| 2 = f (r)'d r ( |$ e * f(rt)\ 2 )dr 

J o 

= d r (\{$ e ) * f(rt )| 2 ) -[ rd 2 (\{<$> e ) * f(rt)\ 2 )dr 

r=l J 0 


= E ■—* /( r *)| 2 ) 


3= 1 


J- 


Ell 

k\ 


k r 1 


r fe d r fc+ 1 (|<f> £ */(rt)| 2 )dr. 


For each derivative of order less than or equal to k on the right-hand side, we have 

<^(|($e) * f( rt ) I 2 ) = E (T) 5 r[$e * /( r 0 ] ' d r~ Z [^e * f(rt)} 


i =0 
3 


= EH) E 4 *(o” 4 >).. m . Y. 




1 J z.—j £ \m\ 
i —0 v |m| i—i 


-\ n h 


(D n $) E * f(rt). 


\n\i=j—i 

Since \t m \ < Ifll ” 1 ! 1 < gl ” 1 ! 1 whenever |f| < e, using the inequality ab + ba < a 2 + b 2 for selfadjoint 
operators a and 6 , we get 

3 


dM^)*f(rt)\ 2 ) 


<E(i) E E h(D m *)s*mf + \(D n $) e *mf]. 


K iJ 2 

r ~ 1 l =0 V ' \m\i=i \n\i=j—i 


On the other hand, to deal with the last derivative of order k + 1, we use the following similar 
estimate: 

dr +1 (\($e)* f(rt)\ 2 ) 

\ t \k+i *+} 


< 


E^t 1 ) E E \ [|( Dm$ )e * /( rt ) | 2 + I ( Dn *)e * f( rt )\ 2 ] ■ 

i=f) \ « LI. — L_L1 


2—0 |m|i —i |n|i=/c+l—2 

Thus for |t| < g, we have 


r fc <9 r fe+1 (|$ £ */(rf)| 2 )dr 


tE( 4) E E j[l(^),.4)| 2 +|(o"*)../(^)| 2 ]*- 


2=0 |m|i=2 |n|i=fc+l—2 

Letting k = d — 1 and combining the previous inequalities, we get 


$ e */( 0)| 2 < E \(D m $) e * f(t)\ 2 + E / 

I 11 / ,Jo 


£ r d-l 


E |p m <f>) e */(j^)| 2 dr. 


|m|i<d 


|m|i<d *■ 


\m\i<.d 
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Now divide by e d+1 both sides of the above inequality, then take integration in (t,e) on T. The 
result for the left hand side is 

[ |/*4> e (0)| 2 ^ = c d (°° |/ * <h e (0)| 2 ^ = c d 4(/)(0) 2 . 

Jr £ Jo £ 

The one for the first sum on the right hand side is equal to the sum of (/)(0)) 2 for all 

multi-indices m with \m\i < d. As far as for the second sum, an easy calculation yields 


i -1 


r Jo 


dtde 1 




>(/)(o ) 2 


Therefore, we have proved the announced assertion. 


□ 


Lemma 4.4. Keep the assumption of Lemma \j.1\ Then 


l-l 


R d 


f{s)g*{s)ds < ||4(/)IIp WfWns, 2 IOIIbmos ■ 


Proof. This proof is similar to that of Lemma 14. II Now consider the truncated version of 4(/) : 

,dr\h 


4( s ’ £ ) = (/ I^V * /(s)| 2 y) 


As in the previous proof, we have 
f(s)g*(s)ds 


/ R d 


< T 


deds 


/ 4(a £ ) p - 2 I^*/( S )I 2 — 

R d Jo £ 


■ T 


R d Jo 


4 (s,e) 2 p |4'e*g(s)| : 


deds 


== f A' • B'. 


The term A' is estimated exactly as before, so A' < 2||4(/)||p . 

To estimate B', we note that the proof of Lemma fOl also gives 

s c M)(s,e) 2 < Y S c D mM)(s, £ ) 2 , 

|m|i<d 

where Sf, m < s ,(f)(s,£) is the truncation of Sf, m $(f)(s) as defined in (14.11) with _D m 4> instead of 4>. 
Then ^ 

B '< E T [ r Sb m M)M 2 - p \^*g(a )\ 2 — . 

,4r< d J&d J ° £ 

All terms on Sf,m$ are handled in the same way, so it suffices to consider (i.e., without deriva¬ 
tion). Starting from this point, the reasoning becomes the same as for B before, except that in the 
final step, we invoke lemma [531 Thus we conclude that 

B 7 < Yj P IIs’IIbmoj ~ ll/llw« P IIsIIbmoj • 

|m|i<d 

This finishes the proof of the lemma. □ 

Another lemma will be needed for the proof of Theorem 11.31 Recall that for / : R 1 ^ 1 —> 
L\{M.) + Loo(Af), the square function S c (f) is defined by (14.31) . Now define 

T p = {/ : S°(f) e L p (Af)}, equipped with \\f\\ T c = ||S c (/)||p . 

This is the column tent space already considered in [14j . Tf is viewed as a subspace of the column 
space L p (J\f; L^fT)) by the injection f f, where f(s,t,e) = f(s + t,e). Note that the elements 
of L p (Af- 1 L^F)) are considered as functions of three variables (s,t,e) with s € R d and (t,e) € T. 
Then it is easy to show that the orthogonal projection from LtjfT)) onto T$ is given by the 

following 

P(F)(s, e) = / F(s - u, u, e)du. 

p(0! e )l Jb( 0,e) 

Lemma 4.5. The above projection P extends to a bounded projection from L p (Af ; L§(T)) onto Tf 
for any 1 < p < oo. 
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Proof. We need only to consider the case p > 2. Fix F £ L p {J\f\L^(T)). Denote r the conjugate 
number of and choose a function g £ L r (J\f) with norm one such that 


\\P(F)\\Tc = r f S c (P(F))(s) 2 g(s)d. 
p Jr“ 


S = T 


\P(F)( S + t,£)\ 2 ^^ g{s)ds. 


lR d JO JB( 0,e) 

Then by (12.11) . two changes of variables and the Fubini theorem, we get 

\\P(F)\\t ? < t [ [ [ TrJ7TT\ f \F(s + t-u,u,£)\ 2 du^-\g(s)\ds 

p Jw d Jo j\t\<e l- B (0,e)| J\ u \<e S d+1 

1 


= r 


[ l T WrTf\\ [ [ \ F { u ^ e )\ 2du ^[\9{s)\ds 

J'RdJO I| J\s+t — u\<£ J\t\<£ ^ 


< T 


= 2 d T 


)wt d Jr 


\F(u,t,£)\ 2 
\F{u,t,£)\ 2 


dtd£ 


'R d JO J\t\<e \ F (0,£)\ J\ s -u\<2e 


j d +l 

dtd£ 1 

pd -\-1 


\B(0,2e)\ 


' \s—u\<2e 


|<?(s)| ds du 
|g(s)| dsdu. 


By Mei’s noncommutative Hardy-Littlewood maximal inequality (see [14l Theorem 3.3]), we find 
a positive operator a £ L r (Af) such that 


IM|r < Hffllr < 1 and 


1 


\B(0,2e)\ 


| s — il\ < 2s 


|g(s)| ds < a(u), Vu £ R d , Ve > 0. 


Thus by the Holder inequality, 

IIWIIto < 2 d rJ^ ^ \F(u,t,e)\ 2 ^ a{u) du < ||F||£ p( ^. L . (r)) , 
which finishes the proof of the lemma. 


□ 


Remark 4.6. The previous lemma shows the duality equality (T^)* = T p for any 1 < p < oo (q 
being conjugate to p). This result was already observed in [14] (see the remark following Theorem 4.7 
there). 

We are now ready to prove Theorem 11.31 


Proof of Theorem \1.3l The case p = 2 is trivial. Consider now the case 1 < p < 2. Both majo- 
rations are contained in Lemma 12.51 On the other hand, taking the supremum on the left hand 
side of the inequality in Lemma f4.II over g in the unit ball of BMOq(M d , A4) and involving Mei’s 
duality theorem (see [13] Theorem 4.4]), we get 

ll/lk < ||5|(/)|| p 

for / £ r Hp(R d , M) D L 2 {L 00 {M. d )®M). Then a density argument shows that the same inequality 
also holds for all f £ 'H c p (R d , M ). The inequality ||/||^c < ||s|(/)||l p is proved in the same way 
by virtue of Lemma 14.41 

Pass to the case 2 < p < oo. Let q be the conjugate index of p. Let / £ M) and choose 

g £ Hq( R d ,A4) such that ||s||-h= = 1 and 

\\f\\u d ~T j f(s)g(s)*ds = T [ $e*/(s)- (’Fe* <?(s))* 

J R<* J R ^ 1 £ 

Then by the Holder inequality and Lemma [23] (applied to g, 'F and q ), 

ll/lk« < II4 (/)IIp 114(5)11, < II4(/)IIp h\\H d < II4(/)IIp • 

Similarly, 

ll/lk<ll^(/)llp- 

It remains to show the two reverse inequalities. It suffices to show the reverse inequality for the 
conic square function since the one for the radial square function will then follow from Lemma 14.31 
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Let / £ A4) and choose G £ L q (J\f; L^fT)) with norm one such that 

l|S|(/)ll P = r I [ $ e *f(s + t, e)G(s, t, e)* ds 
jR d Jr £ 

f r a \ t s*dsde 

= t I / ® e * f(s,e)g(s,e) -, 

J R d Jo £ 

where g = P(G). Now by Lemma PT~?I with / and g exchanged (as well as p and q), we deduce that 

II' S $(/)IIp $ ||5||t=||/||bmoj < ||G||L,(jV;L5(r))||/||BMOj ;$ WfWni i 

where we have used Lemma 03] and the equality BMOp(R rf , M) = 'H p {M. d ,M) for 2 < p < oo (see 


m Theorem 4.7]). Therefore, the proof of the theorem is complete. 


□ 


Proof of Theorem \3.j\ Reexamining the proof of Lemma 14.11 we realize that || <?||bmo| in the in¬ 
equality there can be replaced by the g-Carleson measure norm of g associated to T. Namely, we 
have 


T / f{s)g*(s)ds < ||5|(/)||j 
J i d 


+ 1 
sup Tri 

s£BCK j \ a \ 


dtde 


< 


me 


sup TrI 

s£BCR d 1-°! 


/ |* e */(i)| 

It(b) £ 

dtde 


/ \*e*m\ 2 — 

1t{b) e 


Lq (Af) 
2 

1 

2 

L q {Af) 


Now taking the supremum over / in the unit ball of TL 

< 


|BMO° 


, 1 f ,, ., 9 dtde 

snp + ^ / \^e*f(t)\ 2 — 


seBcR d \B\ Jt(b) 

This is the desired reverse inequality (with 4' instead of <f>). 


,M) yields 
* f(t)\ 2 — * 

L q (Af) 


□ 


We conclude this section with a result in the spirit of Lemma l4.5l which is of independent interest. 
Let H = L 2 ((0,oo), ^f) and consider the space L p (N; H c ). The elements of the latter space are 
viewed as functions defined on K ^ +1 with values in L p (M). Let T p be its closed subspace spanned 
by all functions of the form (s,e) >->• 4> e * /(s) with f £ L p (J\f) such that s%(f) £ L p ( J\T). We now 
calculate the orthogonal projection T from L 2 (J\f; H c ) onto 72 - Let F £ L 2 (J\f; H c ) and g £ L 2 {M). 
Then (with <b(s) = $(—s)) 

(T(F), $. *g) = r f F(s,e){$ e * g(s))* 

J R d+1 

where 


dsde 


= T 


f{s)g{s)*ds , 


f(s) = [ 

Jo 


— / 7<r 

* E *F(;£)(S)-. 


Let ki be the operator introduced before Lemma [2~5l and (ki)' its adjoint. Then clearly, f = 
(k l)'(F). On the other hand, 

(T(F), $. * g) = t / 4> e * f(s) ($ £ * g(s)y - = (k %(f), k 1(g)). 

jR d + +1 £ 

Note that k^(/) belongs to T 2 since by the choice of 4' just after (11.Gil : k %(f) = k|(£ * /) with ( 
given by ( = Thus 

T(-F’) = k^ o (kJ)'(F). 

Proposition 4.7. The orthogonal projection T is bounded on L p (N ; H c ) for 1 < p < 00 . A similar 
statement also holds for H = L 2 (T , which corresponds to the conic square function. 

Proof. It suffices to consider the case p > 2. Let F £ L p (J\f;H c ). Then by Theorem 11,31 and 
Corollary 12.31 we have 


|| s 'I'((k$) (^))IL P (V) ~ IK k *) ^\\n d {R d ,M) ~ ll^ll«“(R d ,i/ c ®A^) ■ 


However, 


\F 


ue 


— < F 

i .H C <S)M) ~ II I 


l p (M-,ho) for 2 < p < 00. 
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Therefore, 
as desired. 


|T(F)| 


< If 

L P (N\H C ) ~ lr \\L p (M-,Hc) ' 


□ 


5. Proof of Theorem [T 


In this section, the pair ($, 'll) will be fixed as in (11.81) . The proof of Theorem II.dl is similar to 
that of Theorem 11.31 We will be brief by indicating the necessary modifications. We first prove the 
discrete counterparts of Lemmas 14.11 l~i~?l and I~T~~T1 For any function F : R d x Z —> + L 00 (M) 

define 

s c ’ d (f) = [J 2 2 ~ dj ! . \nt,j)\ 2 dty. 


fee z 


/ B(s,23) 


Note that if F(s, j) = * f( s ) for some / : 


L^M) + L^M), then S C ’ D (F) = S% D (f) 


the latter being the discrete square function introduced after Theorem 11.41 The following is the 
discrete analogue of Lemma 14.21 

Lemma 5.1. Let 1 < p < 2 and q be its conjugate index. Then for any compactly supported 
function f : R d x2-> Fi(A4) D L 00 (A4) and g £ BMO^(R d , A4) 

T / E /( s -i) • (*» * 9(s))* ds < \\S c ’ D (f)\\ LpW IlffllBMo;. 
jRd i 

Proof. As in the continuous case, we require the truncated version of S^ D : For j £ Z let 


5' 


,D 


(f)(sj) = (j2 2 ~ dk [ \f(t,k)\ 2 d t y, 

K k>j J B(s, 2 fc - 2 J-i) ' 


S c ’ D (f)(s,j) = (Y2 


k>j 


lB(s, 2 fe -23-l 

~ dk I \f{t,k)\ 2 dt 

Ib(s, 2 fc -!) 


Denote S$ D (f){s, j) and S ^, D simply by S(s,j) and S(s,j), respectively. By approxima¬ 
tion, we may assume that S(s,j) and S(s,j ) are invertible for every s £ R d and j £ Z. By (11.81) 
and the Cauchy-Schwarz inequality, 

2 


t[ • (^ 2j *9{s))*ds 

JVL d 


-r [ Y 2 ~ dj 

Cd, JRd 


'B(s,23-l) 


f(s,j) ■ (^23 dtds 


[ Y S ^ s ^) P 2 ( 2 d3 [ \f(s,j)\ 2 dt)ds 

JRd \ JB(s,2 d ~ 1 )) J 

■T [ Y S ( s ^) 2 ~ P ( 2 ~ dj [ 1^23 * g(t)\ 2 dt)ds 

Jm d v Jb(s, 23-i) / 


^ I • II. 


The term I is less easy to estimate than the corresponding term A in the proof of Lemma 14.11 To 
deal with it we simply set Sj = S(s,j) and S = <S(s, —oo) < S c,D (f)(s). Then 




= T / E - ^+1) + S 1 ’ %+iiSj - S j+1 )]ds. 


rP-2- 


Since 1 < p < 2, S P 1 < S P \ So 
K ~cP- 1 ra 


E^ \s : ~S ]+1 )ds<T I S P 1 Y^:-S J+1 )ds = r I S P . 
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On the other hand, 
*p -2 

However, 


Z Sj+i(Sj~Sj+i)ds = T I 2 2 <Sj+i<S 2 " -S' 2 ~ (Sj-S j+1 )S' 2 ~ ds. 




m d 


_ !~P _„_o_ _ 1- P _ t-P _ P" 1 _ P~ 3 _ 3-p _ P-1 _ 1-P 

O 2 ^ O C2 _ 0202 0202 0202 

O Oj'-|_lO — O O^- • Oj 

Note that each of the three factors on the right-hand side is a contraction. Consider, for instance, 
the first one: 


1 —p p — 1 1 —p p — 1 


i—p-i. 


rp -C 


= S 2 S; S 2 <S 2 S S 2 = 1. 


5 2 S 3 . 2 [5 2 5; 

Therefore, by the Holder inequality, 

r X3TVi(Sj-3 J+ 1 )i. <r [ -S j+ i)S P -^ds = 


S P . 


/ R d ' 


/R d ' 


J J7 

Combining the preceding inequalities, we get the desired estimate of I: 


I< 2 r/ 3 P <2||$ C > D (/)||£. 

jRd 


The estimate of the term II is, however, almost identical to that of B in the proof of Lemma 
14.11 There exist only two minor differences. The first one concerns the square function §(s,j) in 
( 1 T 21 ) : it is now replaced by 


S(s,j)=( E 2 ~ dk f \f(t,k)\ 2 dtY if seQ mJ , 


where jo is the smallest integer such that 2 J ° > y/d. Then we have S(s,j) < S(s,j). The second 
difference is about the Carleson characterization of BMO“ in Lemma 13751 we now use its discrete 
analogue. Namely, for g G BMO^(R d , M.) define 


dfiD(g) = E I 4 ' 22 * 9 (s)\ 2 ds x dS 2 j(e), 


where S 2 j(e) is the unit Dirac mass at the point 2° , considered as a measure on M + . Then 
is a g-Carleson measure on R ^ 1 and 


l r °° ' 

sup + — E 1^2^ *g(s)\ 2 ds x d5 2 i{e) 

sGB CR d \ a \ J T(B) j—_ OQ 


< 


La (A/ - ) 


IbM05 


The proof of this property is the same as that of Lemma 13.31 Except these two differences, the 
remainder of the argument for II is identical with that for B in the proof of Lemma 14.31 Thus we 
conclude that 

n<\\s c ' D (f)\\ 2 p - p \\9\\ 2 BMO‘- 

Hence the lemma is proved. □ 

Lemma 5.2. Let f £ Hp(M. d , M) C\ L 2 (J\f) and g £ BMOj:(R d , A4). Then 


/R d 


f{s)g*(s)ds < H4’ D (/)||I \\f\\Y; [IsIIbmos . 


Proof. We use the truncated version of 4 (/): 

OO 

s c 4 D (f)(s,j) = (El^ */( s )P 


k=j 


The proof of Lemma 14.31 is easily adapted to the present setting to ensure 

s c d D (f){s,j) 2 < E S D™M)( s df- 

m£ Nq ,| m\i<.d 
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Then 

where 



f(s)g*(s)ds 


2 < I 7 • IT, 


l' = T f ^S C 4 D (f)(s,j) P 2 |$2i * f(s)\ 2 ds, 
J R d ■ 

n' = t I E4' D (/)(-,i)-l^^(-)l 2 *. 

jRd 3 

Both terms T and IT are estimated exactly as before, so we have 

I'<2||4(/)ll£ and II' < ||/||^ p Hs'IIbmoi 

This gives the announced assertion. 


□ 


Proof of Theorem \ l.f\ Armed with the preceding two lemmas and noting that Lemmas 12.51 and 
14.51 also transfer to the discrete case with the same arguments, we prove Theorem 11.41 exactly in 
the same way as Theorem II..31 □ 


Remark 5.3. The proof of Theorem 11.41 also yields the discrete version of Theorem 13.41 


6. Proof of Theorem 11.51 

We prove Theorem 1 1.5 1 in this section. First note that (II. Kill is a particular case of (11.911 . Indeed, 
by the inverse Fourier transform formula, we have 

/*/ fc (P) e (f) = J e i2 ^/(0K| fe e- £2 -l«l d£ 

= e k j e i27TH f{0\f,\ k e~ e27I ^df, 

= (-^) fc£fc 

1 r) k 

Thus it remains to prove (fL9l) . Before proceed further, let us note that d is the radial part of 
Theorem 11.31 with = J“(P). The problem now is that this function $ does not belong to the 
Schwartz class, so we cannot apply directly Theorem 11.31 However, we will show that the proof of 
that theorem works for this <f> too. 

Reexamining the conditions of $ that we have used in the proof of Theorem 11.31 we find that 
$ £ S is not necessary. Specifically, we collect all properties of $ used there: 

i) Every D m § with 0 < |m|i < d makes / i->- and / S^m^f Calderon-Zygmund 

singular integral operators. 

ii) There exists a function 'T such that m holds. 

iii) The above T makes dfi(f) = like * f(s) a Carleson (or g-Carleson) measure, satisfying 
Theorem 13.41 

Since /“(P) is radial, one can always choose a radial Schwartz function 4 / such that (jl.bl) holds for 
$ = /“(P). Thus ii) and iii) above are fulfilled for $ = /“(P). 

It remains to show that s c Dm q, and are Calderon-Zygmund singular integral operators. To 

this end, we require a lemma. For a € R, let J a be the function on R ‘ 1 defined by J a {s ) = (1+1 s| 2 ) , 
and let J a be the Fourier multiplier of symbol J a . J a is the Bessel potential of order a and 
J a = (1 — (27r)^ 2 A)'t. The potential Sobolev space iT“(M d ) of order a consists of distributions / 
such that J a (f ) € L p ( R d ). It is clear that if a is a positive even integer, then the Sobolev space 
Wff(R d ) is contained in iT“(R d ). 

Lemma 6 . 1 . If a > 0, then Jd+<jI a (P) £ Loo^'O for some a > 0. 
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Proof. First, consider the case a > 1. Then choose cr = 1. We must show that [Jd+i/ a (P )] 2 is a 
bounded function. By the Hausdorff-Young inequality, it suffices to prove that 

j 2 (d+i) * /S(p)] g Li(M. d ), or equivalently, T°f P) * J“(P) S U 2 (d+ 1 ) (R d ). 

Since W^ d+1 \M. d ) C H^ d+1 \M. d ), we are further reduced to showing I a (P)*I a (P) £ Wf( d+ 1 )(M d ). 
By easy calculations, for any m = (m\, £ Nq, we have (recalling that D m is the partial 

derivation associated to m) 

D m (\Z\ a e~ 2 ^\) m for close to 0 . 

It follows that /“(P) £ W' 1 d+ 1 (K d ). Now any m £ Ng with \m\i < 2 (d + 1) can be decomposed into 
a sum £ + n with \£\i < d + 1 and \n\i < d + 1. Then 

D m [/“(P) * J“(P)] = D 1 [/“(P)] * D n [/“(P)]. 

Both partial derivatives on the right-hand side belong to L i(R d ), so does the one on the left-hand 
side. We then deduce that / Q (P) * /“(P) £ VF 1 2 ^ + 1 ^(K d ), as desired. 

Next, note that the above reasoning also shows that [j d I a ( P )] 2 £ L oa (M d ) for all a > 0, so 
j d l a ( P) € Loo(K d ) • 

Finally, we use the three lines lemma to handle the case 0 < a < 1; then a can be any number 
in (0, a). We will need to allow a to take complex values in the preceding two parts which 
remain valid if Re(a) > 1, respectively, if Re(a) > 0. Now for any complex number z in the strip 
{z £ C : 0 < R e(z) < 1} define 

F ( z ) = e ( z -°) 2 +*( P ). 

Then 

sup ||F(i 6 )|| Loo(Rd) < oo and sup ||F (1 + i 6 )|| L ^ (Rd) < oo. 

It thus follows that 

J d+c ,I a (P) = F(a)£L 00 (R d ). 

This completes the proof of the lemma. □ 


To finish the proof of Theorem Ol we are left to check that both square function operators s|, 
and are Calderon-Zygmund singular integral operators for $ = /“(P). Take s|, as example. 
Since <I> £ L ao (M d ), we have 


= Vs e R d , |s| < e. 


On the other hand, Lemma IQ ensures that 


|Ms)| = i|$(")|<4^, Vs e K d , |s| > e. 


The above two inequalities imply 


i., , .\2d£\ 

l'W*)| —) 

Moreover, a similar argument yields 


2 &X "<A 7 , VseR d \{0}. 


|V[$ E (s)]r T 


de\ h _ 1 


< 


|d+l 


, VseR d \{0}. 


Therefore, the map s <F(s) is a H-valued Calderon-Zygmund kernel, where H = L 2 ((0, oo), *). 
Thus, s|> can be expressed as a singular integral operator. 

In the same way, we show that s c Dm$ and are Calderon-Zygmund operators too for all 

m £ Nq. Hence, (ED is proved. 
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7. Applications to tori 


Mei’s work J3] has been extended to the torus case in [3] with a view to applications to the 
quantum setting. Note, however, that this extension is not straightforward. The main idea is to 
reduce the torus case to the Euclidean one in order to use Mei’s arguments. We now recall the 
relevant definitions and results. Let T d denote the d-torus with normalized Haar measure dz, and 
let J\f = Loo(T d )®A^ throughout this section. 

A cube of T d is a product Q = I\ x x Id, where each Ij is an interval (= arc) of T. As in the 
Euclidean case, we use \Q\ to denote the normalized volume (= measure) of Q. The whole T d is 
now a cube too (of volume 1). We then define BMO c (T d ,Ad) as the space of all / £ L 2 (Af) such 


that 


II/IIbmo = max{||/ T d|| sup 

QCT d cube 



|/ 0 ) - fq\ 2 dz 2 } < 


M 


00 . 


This is a Banach space. The row and mixture spaces BMO r (T , Ad) and BMO(T d ,Ad) are defined 
by taking adjoints and intersection like in the Euclidean case. 

A very useful property of BMO c (T d , Ad) is its embedding into BMO c (R d , Ad) via periodization. 
To state this property, we will identify T d with the unit cube I d = [0, l) d via (e 2msi , • • • , e 2mSd ) £A 
(si, • • ■ ,Sd)- Under this identification, the addition in I d is the usual addition modulo 1 coordi- 
natewise; an interval of I is either a subinterval of I or a union [6, 1] U [0, a] with 0 < a < b < 1, 
the latter union being the interval [6—1, a] of I (modulo 1). So the cubes of I d are exactly those of 
T d . Accordingly, functions on T d and I d are identified too. Thus A f = Loo(T d )®Ad = L oa ( I d )®Ad. 

Functions on T d are 1-periodic functions on R d , or equivalently, functions on I d can be extended 
to 1-periodic functions on K d . We will identify functions on T d or I d as 1-periodic functions on 
However, for clarity and if necessary, we will write / pe when / is considered as a 1-periodic 
function on for / on T d . It is proved in [2] that modulo constant functions, BMO c (T d , Ad) 
embeds into BMO c (R d , Ad) via the map / i—>• / pe . More precisely, for any / £ L 2 {M) we have 


(7.1) 


sup 

QCT d cube 


1 

W\ 


| f ( z ) - /q| dz 


M 


\Q\Iq 

II /pe|| BMO c (R d ,A / l) 


sup 

QCl d cube 


f ( s ) - Iq I ds 


M 


with relevant constants depending only on d. This property enables us to reduce the treatment of 
BMO c (T d , Ad) to the Euclidean setting. 

In order to give an intrinsic definition of BMO in the quantum case, we will need another 
characterization of BMO c (T d , Ad) by the circular Poisson semigroup. Let P r denote the circular 
Poisson kernel of T d : 


(7.2) 


P r (z) = Y , r |m U m , z £ T d , 0 < r < 1. 


Then for any / £ L\(N), its Poisson integral is 

P r{f){ Z )= [ P r (zw~ 1 )f{w)dw = V /(m)r |m U” 

me 1 d 

Here / denotes, of course, the Fourier transform of /: 


/(m) = / f ( z ) Z ~ m dz . 
Ji d 


It is proved in [3] that 


(7.3) 


sup 

QCT d cube 


TTTf / \f{z)-f Q \ 2 dz W SUp [jP r (|/-P r (/)| 2 )| 
|V| JQ M 0<r<l 


N 


with relevant constants depending only on d. Thus 


II/IIbmo* « max {11/(0)1100, sup ||P r (|/- P r (/)| 2 ) ||^}. 

0<r<l 

Now we turn to the operator-valued Hardy spaces on T d which are defined by the Littlewood- 
Paley or Lusin square functions associated to the circular Poisson kernel. We will use the same 
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notation s c and S c to denote these square functions. This should not cause any confusion in 
concrete contexts. For / £ L\(N) + Too (A/”) define 

(7.4) s c (f)(z) = ( jT 1 11: P,(/)(^)| 2 (l - r)dr) ", ^ T d . 

This is the torus analogue of the radial square function defined by For 1 < p < oo, let 

n c p (T d ,M) = {/ £ L\(Af) + Too (A/ - ) : ||/||«| < oo}, 

where 

ll/llwj = ll/(0)IU P (x) + I|s c (/)||l p (V)- 

The row Hardy space TL p (T fi , J\4 ) is defined to be the space of all / such that /* £ H p ( T d ,A4), 
equipped with the natural norm. Then we define 


n p (T d ,M) 


H c p (T d ,M)+H r p (T d ,M) ifl<p< 2 , 
n c p (T d , m) n n r p (T d , m) if 2 < P < 00, 


equipped with the sum and intersection norms, respectively. 

Like in the Euclidean case, the Littlewood-Paley ^-function above can be replaced by the Lusin 
area integral function. For z £ T d let A(z) be the Stoltz domain with vertex z and aperture 2: 

A(z) = {w £ C d : \z-w\< 2(1 — |iu|)}. 


For / £ Ti(Af) + Too (A/ - ) define the torus counterpart of (11.21) by 


(7.5) 


S c (f)(z) 



d_ 

dr 


K(f){rw) 


dwdr \ 2 

(1 -ry- 1 ) ’ 


z £ T d , 


where the integral is taken on A(z) with respect to rw £ A(z) with 0 < r < 1 and w £ T d . 

Like for BMO spaces, we use periodization to deal with Hardy spaces on T d too. Following 
the discussion and convention before m, considered as a 1-periodic function on the Poisson 
integral P r (/) of / on T d coincides with the Poisson integral P e (/) on (the latter / being viewed 
as a 1-periodic function on R d ). More precisely, 


P r (/)(z) = P e (/ pe )(a) with z= (e 27riS1 ,--- ,e 2 ™-) and r = e~ 2 ™ . 


This is an immediate consequence of the classical Poisson summation formula (see |24j Corol¬ 
lary VII.2. 6 ]): 


(7.6) P r (z)= Y] P e(s + m) with z = {e 2 ™ 1 , ■ ■ ■ , e 2 ™ d ) and r = e" 27r£ . 

me z d 


In what follows, we will always assume that z and s, r and e are related as above. 

The preceding periodization property of the Poisson integrals can be reformulated on I d . Let 
P e (s) denote the right-hand side of (17761) . that is, P E is the 1-periodization of P E . With the 
identification between functions on T d and I d , we have P £ = P r with r = e -2 ’ 1 ' 6 . Thus 

P r (/)(z) = P £ (/)(s) = P e * f{s) = [ P e (s-t)f(t)dt. 

J i d 

It then follows that 

a oo o i 

\fcVe(f){s)\ 2 £ds^ 2 , s £ I d . 

Note that here s c (/ pe ) is the radial square function on defined by (II.3D since / pe is a function 
on R d . Similarly, 

(7.8) S c (f pe )(s) = ( + s £ I d . 

The two equalities above, together with (17. 61) . establish the link between the square functions on 
T d and . More precisely, for 1 < p < oo and any function / on T d we have 


(7.9) ||s C (/)|| M AO « \\s C (f P e)\\ Lp ^-L p (M)) and \\S C (f)\\ LpW « \\S C (f pe )\\ Lp{ ^L p (M)) • 

Recall that L p (J\f) = T p (T d ; L p (M)). So with the identification T d « I d , the norms above in 
both sides coincide. Here, we have written explicitly || \\L p (i d ;L p (M)) i R order to emphasize the fact 
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that although s c (/ pe ) and S c (f pe ) are defined on M d , the two norms on the right-hand sides are 
restricted only to I 6 *. 

The equivalence relations m and m allow us to reduce the treatment of T rf to that of R d , 
so to follow the arguments of M- A major difference compared with m is that all considerations 
are now restricted to the cube F instead of the whole In this way, we proved in [2] the following 
result which is the torus counterpart of the main result of jT4] . 

Theorem 7.1. (i) The dual space of'H\{ff d , M) coincides isomorphically with BMO c (TF, Ad). 

(ii) Let 1 < p < oo. Then for any f £ L\ (A/ - ) + (A f) 

ll sC (/)|| P «ll^(/)|| P 

with relevant constants depending only on d and p. 

(iii) Let 1 < p < oo. Then '% P (T , Ad) = L p (J\f) with equivalent norms. 

(iv) Let 1 < p < oo. Then 

(BMO c (T d , Ad), U c AT d ,M))k = H c JT d ,M) with equivalent norms. 

Like in the previous sections we wish to characterize the Hardy spaces on T“ by square functions 
defined by any Schwartz function instead of the Poisson kernel. Let $ be a Schwartz function of 
vanishing mean and satisfying the following condition: 

(7.10) V(el' ! with |£|>1 3ee(0, 1) s.t. $«) ^ 0. 

Then there exists another Schwartz function 'L of vanishing mean such that 

' de 


<F(e£) 'F(ef) — = 1 , (er with |£| > 1 . 


Let <f> £ be the periodization of <f> e : 


$ £ ( s ) = $e(s + m). 


Then for / £ Li(AT) + Loo (A/ - ), 

$ £ (/)(s)= [ Ms-t)f(t)dt= V z=(e 2 ™ 

Ji d 


The radial and conic square functions of / associated to $ are defined by 


4(/)00 2 = 


|<M/)( S )| 2 ^, suf)(s) 2 =[ 

£ Jr 


**(f)(8 + t) 


2 dtde 
I pd -\-1 


^ 27 ri s d 


s £ F. 


In the present case of T d , the first integral above can now be restricted to the unit interval (0,1) 
without changing the norm of s|,(/) in L p (J\f). More precisely, we have the following: 


Proposition 7.2. Let 


s c(f)(s) 2 = |<M/)00| 


de 


SUf)(sf= \$e(f)(s + t)\ 


! dtde 

pd -\-1 


where T is the truncated cone: T = T D (JF x (0, 1)). Then for any 1 < p < oo, 

l|s C (/)lk(A0 « \\Z(f)\\L,W , ll^ C (/)IU P (A) « \mf)\\L P W , 

where the equivalence constants depend only on d and •!>. 

Proof. The proof is elementary. We consider only the radial square function, the conic one being 
treated similarly. Fix an / E Li(Af) with /(0) = 0. For any m £ \ {0}, we have 

12 de \ i 


I|s c (/)||l p (ao ^ |$(em )| 2 


> \\f(m)\\ Lp (M) 


> a\\f{m)\\ Lp (M) > 


I m . ,2 de\ 3 


L ) : 
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where 


a = 


inf f f |$(eC)| 2 — )" 

d , I5l=i Wo 1 1 e > 


«eR d ,l£l = 


The assumption (17.1011 ensures that the above integral is positive for every £ in the unit sphere of 
R d ; so by continuity and compactness, a > 0. Thus 

sup \\f(m)\\ Lp (M) < \ IIW/OIImaO ■ 
me Z d \{0} a 


On the other hand, for sufficiently large a 

(f i*.cflwrf)' 


L p (J\f) 


< E Wf( m )h P (M)([ |$(£m)| 2 ^V 


m£Z d \{0} 


< 


£ / 
1 de\i 


E ii/(-»)iu,,«>(/ i^pf) 


me Z d \{0} 


< 


sup \\f(m)\\ Lpi M) E 


me Z d \{0} 


m£Z d \{0} 


< sup \\f{m )\\ Lp(M) , 
me Z d \{0} 


We then deduce the desired assertion. 


□ 


Combining the preceding periodization argument and those of section [H we obtain the following 
characterization of TL c p (T d , M) by sj and SJ, which is the main result of this section. 

Theorem 7.3. Let 1 < p < oo and f £ L\(N) + Too (A/ - ). Then 

ll/llwj ~ II/(o)||l p (tk) + II4(/)IU p (ao ~ \\f(o)\\L p (M) + II4(/)IU P (A0 ■ 

We can also prove the discrete version of the above theorem. Define the following discrete 
analogue of on T d (leaving that of S'! to the reader): 

4W/)W = (EI^W/XW 2 )". s€ld - 

3> 0 

Like for Theorem o we now need to reinforce the assumption on $ that is now supposed to 
satisfy 

(7.11) $ ^ 0 on {£ <E R d : 1 < |£| < 2}. 

Then there exists a Schwartz function ’I' of vanishing mean such that 

$(2“ j £) $(2"4) = 1, £ S R d with |£| > 1. 

j> o 

Using the arguments of section [5] and periodization, we obtain 
Theorem 7.4. Let 1 < p < oo and f £ Ti(W) + Loo (A/ - ). Then 

H/ll«^ll/(0)|| M Ah + ll4 D (/)llMV)- 

Like for Theorem II.51 the function $ can be taken to be I a ( P) with a > 0: 

Theorem 7.5. Both Theorems \ 1. 3\ and \7.4\ hold for 4> = J“(P) with a > 0. 


8. Applications to quantum tori 

We now apply the results of the previous section to the quantum case. To this end, we first 
recall the relevant definitions. Let d > 2 and 9 = (9kj) be a real skew symmetric d x d-matrix. 
The associated d-dimensional noncommutative torus Ag is the universal C*-algebra generated by 
d unitary operators U\,... ,Ud satisfying the following commutation relation 

U k Uj =e 2nie »UjU k , j,k=l,...,d. 
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We will use standard notation from multiple Fourier series, 
(mi, • • • ,m d ) £ define 

U m = U™ 1 ■ ■ ■ U™ d . 


A polynomial in JJ is a finite sum 


Let U = (U ir -- ,U d ). 


For to = 


x = with a m £ C. 

me z d 


The involution algebra Vg of all such polynomials is dense in Ag. The functional x H > ao on Vg 
extends to a faithful tracial state r on Ag. Let Tg be the w*-closure of Ag in the GNS representation 
of r. This is our d-dimensional quantum torus. The state r extends to a normal faithful tracial 
state on Tg that will be denoted again by r. Note that if 9 = 0, then Tg = Loo(T d ) and r coincides 
with the integral on T d against normalized Haar measure dz. 

Any x £ Li(Tg) admits a formal Fourier series: 

x ~ ^ x{m)U rn with x(m) = T((U m )*x). 

m£Z d 


We introduced in [2] a transference method to overcome the full noncommutativity of quantum 
tori and use methods of operator-valued harmonic analysis. Let Mg = Loo(T d )®T 0 , equipped with 
the tensor trace v = f dz For each z £ T rf , define ir z to be the isomorphism of Tg determined 

by 

7 T z {U m ) = z m U m = z™ 1 --- z^U™ 1 ■ ■ ■ U™ d . 

This isomorphism preserves the trace r. Thus for every 1 < p < oo, 

IMx)|| p = ||x|| p , Vx £ L p {T d g ). 

The main points of the transference method are contained in the following lemma from [3]. 


Lemma 8.1. i) For any x £ L p (Tg), the function x : z H > tt z (x) is continuous from T d to 
L p (Tg) (with respect to the w*-topology for p = oo). 

ii) Let 1 < p < oo. If x £ L p (Tg), then x £ L p (Mg) and ||i|| p = ||to|| p , that is, x i—>• x is an 
isometric embedding from L p (Tg) into L p (Mg). 

iii) Let Tg = {x : x £ Tg}. Then Tg is a von Neumann subalgebra of Mg and the associated 
conditional expectation is given by 

E(/)(z) = Az( J ^ ftw[f (w)]dw'j, z £ T d , f £ Mg. 

Moreover, E extends to a contractive projection from L p (Mg) onto L p (Tg) for 1 < p < oo. 


The transference method consists in the following procedure: 

x £ L p (Tg) H > x £ L p (Tg) C L p {Mg). 

This allows us to work in L p (Mg). Then using the conditional expectation E to return back to 

We will use the same symbol P r to denote the circular Poisson kernel on the quantum torus T g 
too. Thus for any x £ Li(Tg) 


P r (x) = Y x(m)r\ m \U m , 0 < r < 1 . 

m£jj d 


"( x ) = {J Q |J^Pr(z)| 2 (i-r)dr) 2 . 


The associated Littlewood-Paley ^-function is 

pl _9 

1 dr 

We leave to the reader to formulate the analogue of the Lusin square function. For 1 < p < oo let 

INI hi = |*(0)| + ||s c (a;)|lL p (Tf)- 

The column Hardy space TL p (ffg) is defined to be 

n;(T d g) = {x £ L^g) : \\x\\ H c <oo}. 
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On the other hand, inspired by ( 17731 ) . we define 

BMO c (T d g ) = {x £ L 2 (T d e ) : sup ||P r (|a: - P,(:r)| 2 ) |L < oo}, 

0<r<l 6 

equipped with the norm 

IMIbmo = max{|£( 0 )|, sup ||P r (|a; - P r (a;)| 2 ) IlL }. 

0<r<l 9 

The corresponding row and mixture spaces are defined similarly. 

Using transference, we can easily show that the map x t —> x in Lemma 18.11 extends to an 
isometric embedding from 'Hp(Tg) into TLp(T d ,T g ) for any 1 < p < oo and from BMO c (Tg) into 
BMO c (T d , T^). Moreover, the ranges of these embeddings are 1-complemented in their respective 
spaces (see la). This transference result immediately implies that Theorem 17.11 remains valid in 
the quantum setting. In particular, TL p (Tg) = L p (T g ) with equivalent norms for 1 < p < oo. 

The same argument allows us to show that the circular Poisson kernel can be replaced by a 
Schwartz function $ of vanishing mean satisfying (17.101) . Like in the previous section, for x £ 
Li(Tg) define 

< h £ (x) = ^2 $( em)x(m)U m 
me z d 


and 





s%°{x) 2 = ^$ 2 -j(a;). 

i> i 


Together with the transference, Theorems 17.81 17711 and 1751 imply the following 


Theorem 8.2. Let 1 < p < oo. 

i) Assume that $ £ S is of zero mean and satisfies (17.101) . Then for any x £ Li(Tg), 

\\ x \\u c p ~ (0)| + ||s|(a;)|lL p (T^) 

with relevant constants depending only on d,p and $. 

ii) If additionally $ satisfies (17.111) . then s|> can be replaced by in the above assertion. 

iii) Both assertions i) and ii) continue to hold for $ = / a (P) with a > 0. 
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